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ABSTRACT 

Ballistic  Research  Laboratories  Memorandum  Report  1^77  (Karpov,  fey 
19o3)  includes  a  discussion  of  Stevartson’s  stability  analysis  Of  liquid- 
filled  projectiles,  and  "Tables  of  Poles  and  Residues”  needed  for 
quantitative  design  use  of  the  analysis.  Various  design  problems  sbov 
that  an  extended  tabulation  is  needed,  and  the  present  report  provides 
this  extension.  The  new  tabulation  (ATTSTDIa  b)  covers  a  non-disensicnal 
frequency  range  of  0.00  to  0.70  in  increments  of  0.02  and  a  range  of 
cavity  fill  ratios  of  20  to  100  percent  in  maxinun  increments  of  ten 
percent. 

A  brief  description  of  Stevartson’s  analysis  is  also  given  in  this 
report.  Emphasis  is  placed  on  the  physical  significant  cf  the 
assumptions  and  results  of  the  theory  rather  than  its  mathematical  detail. 
The  intent  is  to  provide  the  novice  designer  of  liquid-filled  shell  with 
an  appreciation  and  first  working  knowledge  of  the  analysis.  Additionally 
the  summary  of  the  theory  is  -used  to  point  oat  the  significant  advances 
that  have  been  made  in  understanding  liquid-filled  shell  problems  since 
the  publication  of  Ballistic  Research  Laboratories  Memorandum  Report 
So.  1L77. 
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I.  BfiRGBljCTIOS 


la  Ballistics  Research  Laboratories  Memorandum  Report  1^77,  May 
19o3,  Karpov  presented  recommendations  and  aids  for  designers  of  liquid- 
filled  shell.  He  advised  that  Stevart son’s1*  analysis  concerning  the 
flight  stability  of  spinning  projectiles  carrying  liquid  in  cylindrical 
cavities  represented  the  best,  a  priori  means  for  design  against  flight 
instability  of  liquid-filled  shell.  The  theory  demonstrates  that  un¬ 
stable  flights  are  the  result  of  resonance  between  oscillations  in  the 
liquid  and  the  nutations!  motion  of  the  shell.  20  aid  designers  in  use 
of  the  theory.  Karpov  summarised  the  development  of  Stevart son's  instability 
criterion,  and  provided  an  extensive  numerical  tabulation  of  the  "poles 
and  residues”  required  for  quantitative  design  verb.  ibis  tabulation,  in 
conjunction  vita  Stevartson’s  criterion,  allows  designers  to  calculate  the 
adverse  combinations  of  physical  and  geometrical  properties  of  a  shell 
and  its  liquid  filler  that  vili  reader  an  unstable  flight.  Two  parnreuers 
govern  the  range  of  conditions  covered  by  the  tables  of  poles  and  residues 
(1)  the  liquid  fill-ratio  of  the  cavity,  and  (2)  certain  non-dimensional 
eigenfrequencies  (natural  frequencies)  of  the  liquid.  In  Karpov's 
tabulation2*  ,  fill-ratios  from  yO  to  100  percent  are  encompassed,  while 
the  frequency  range  is  0.00  to  0.5*3. 

4  "* 

Superscript  nuzbers  denote  references  vTnicn  say  be  found  on.  page  SI. 


A  number  of  instances  have  occurred  '-'here  the  coverage  of  the  j 

tables  given  by  Karpov  was  insufficient  for  quantitative  design.  Hence,  > 

calculations  were  undertaken  to  extend  the  tables  to  include  fill-ratios 
of  20  to  100  percent  (in  steps  of  5  and  10  percent)  and  frequencies  from 
0.00  to  0.?0  (in  steps  of  0.02).  The  primary  purpose  of  the  present 
report  is  to  provide  designers  with  the  extended  tabulation.  As  a 
convenience  to  users  of  the  tables  a  brief  sumary  of  Stevartson's  theory 
is  also  included.  The  assumptions,  capabilities,  limitations ,  and 
important  formulae  of  the  theory  are  covered,  hut  not  in  extensive 
mathematical  detail.  By  so  doing,  we  hone  to  provide  a  useful  reference 
for  the  designer  familiar  with  the  stability  probicss  of  liquid-filled 
shell,  and  to  give  the  novice  designer  an  appreciation  and  first  working 
knowledge  of  the  basic  theory. 

Above  we  mentioned  Karpov's  advice  to  make  use  of  Stevartson's  theory 
to  design  liquid-filled  shell.  There  is  no  reason  to  alter  this  recom¬ 
mendation  except  to  state  it  more  emphatically  and  to  take  cognizance  of 
recent  advances  in  our  understanding  of  the  factors,  influencing  the 
behavior  of  these  shell.  The  theory  remains  the  rest  effective  basis  for 
design  of  well  behaved  liquid-filled  projectiles.  Its  elements  should  be 
understood  by  designers  and  its  results  should  be  put  to  use  at  every 
opportunity.  Furthermore,  advantage  should  he  taken  of  the  increased 
capability  for  design  analysis  achieved  through  the  research  efforts  of  i 

i 

i 

Karpov2,  Vedemeyer3 ,  and  Scott*.  Stevartson's  basic  theory  deals  only 


i 

k 


) 


vith  shell  containing  inviscid,  fully- spinning  liquids  in  cylindrical 
cavities.  However,  the  latter  investigators  have  shown  how  to  treat 
problems  involving: 

(1)  Viscous  effects  in  the  liquid  filler2* '  c  ?  a= . 

(2)  Certain  types  of  non-cylindrical  cavities,  including  those 
vith  profiles  similar  to  the  ogival  shape  of  the  conventional 
artillery  shell ,af  3  31 

(3)  Liquid  spin-u?  effects  (by  a  semi  empirical  approach). 

It  is  important  that  designers  snow  of  these  advances  and  we  intend  this 
report  to  have  the  secondary  purpose  of  providing  an  awareness  of  them. 

“This  will  he  dons  in  the  course  of  our  summary  of  Stevartson’s  theory  by 
discussion  (but  not  development  of  formulae)  and  reference  to  important 
publications.  An  extensive  theoretical  account  of  the  advances  is  not 
appropriate  here.  Such  detail  would  likely  defeat  our  purpose  of  supplying 
a  working  appreciation  of  Stewart  son’s  basic  theory.  Furthermore,  a  Design 
Handbook  for  Liquid-Filled  Projectiles  is  to  be  published  and  will  cover  in 
detail  all  phases  of  liquid-filled  projectile  theory  and  design^  Accordingly, 
this  report  is  prepared  as  an  interim  supplement  to  3SL  Ifemorandun  Report 
1477. 

*The  handbook,  "Liquid-Filled  Projectile  Design,"  is  to  be  published  in 
the  Army  ihteriel  Command  engineering  Handbook  series. 


H.  STSHARTSOH’S  THEORY  0?  STABILITY 

Stewart ion’s  theory  concerns  the  flight  stability  of  a  spinning 
shell  with  a  right  circular  cylindrical  cavity  either  wholly  or  partially 
filled  with  liquid.  Results  of  the  theory  show  that  growth  of  the 
mitational  component  of  the  projectile's  yaw  is  possible  under  adverse 
combinations  of  the  geometrical  and  physical  characteristics  of  the 
projectile  and  its  liquid  filler.  The  mechanism  producing  this  instability 
is  resonance  between  the  nutational  frequency  of  the  shell  and  certain 
of  the  natural  frequencies  of  the  liquid.  When  resonance  occurs, 
oscillations  of  the  liquid  produce  a  periodic  moment  (couple)  on  the  shell 
casing  and  lead  to  the  growth  in  yaw. 

The  theory  is  very  valuable  for  several  reasons.  Tirst,  it  provides 
a  clear  understanding  of  the  physical  phenomena  through  which  liquids 
produce  instability  of  spinning  projectiles  5  namely,  the  resonance  behavior 
mentioned  above.  This  basic  mechanism  applies  to  cavities  of  all 
geometries  and  not  just  cylinders.  With  this  Knowledge ,  we  are  better 
prepared  even  for  ad  hoc  design  approaches.  Second,  the  theory  provides 
a  quantitative  means  for  designing  against  instability  in  liquid-filled 
shell  provided  the  various  requirements  placed  on  the  shell  allow  use  of  a 
cylindrical  cavity*.  Of  course,  Stewartson’s  theory  is  not  universal  in 
amplication  but  is  based  upon  assumptions  and  stipulations  that  define 
the  situations  for  which  it  is  valid.  Here  we  will  review  the  most 

♦Actually,  we  can  now  design  for  some  non- cylindrical  cavities. 


I  of  Stewartson’s  theory  through  vhich  it  is  possible  to  design 

|  for  other  shapes;  specifically,  cavities  -whose  radii  change 

|  slowly  along  their  length.  As  a  consequence,  we  are  able  to 

! 

perform  analyses  on  many  practical  cavity  goe  me  tries,  lb  use 
Vedemeyer's  modification ,  one  must  have  a  working  knowledge  of 
the  basic  Stewarts cn  analysis. 

(2)  The  aerodynamic  overturning  aoasnt  is  the  only 
external  force  or  moment  affecting  the  flight  of  the  shell.  Ve 
explained  above  that  this  assumption  is  taken  for  convenience. 
Gravity  and  other  aerodynamic  effects  can  be  taken  into  account, 

l 

|  but  are  not  essential  to  the  theory.  By  considering  only  the 

I 

I  aerodynamic  overturning  moment,  we  will  be  able  to  design  against 

(instability  cue  to  the  liquid. 

(3)  ihe  shell  flies  with  constant  translational  velocity 
*  ana  spin.  ibis  assumption  is  consistent  with  (2)  above  but  also 

implies  that  the  liquid  does  not  influence  the  spin  rate  of  the 
projectile.  In  practice  these  conditions  are  never  satisfied, 
of  course-  For  a  period  after  the  projectile  leaves  the  gun 
muzzle,  the  shell’s  spin  decreases  because  it  must  spin-up 

|  the  liquid.  Subsequent  to  liquid  spin-up,  the  shell 

» 

i 

i 

i 
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experiences  spin  decrease  due  to  drag.  Turtherrorej  the  proje 


guarded  against  in  the  design  of  all  licaid- filled  shell, 


where 


a  =  cavity  radius ,  inches. 

fl  -  spin  rate  of  the  projectile  (ana  therefore  the  liquid), 
rad/sec. 

q  =  magnitude  of  the  resolved  gravity  and  drag  vectors, 
in/sec2  - 

2c  =  height  of  the  cavity-  inches . 

Th*  physical  significance  of  this  assumption  is  that  centrifugal  forces 
exerted  on  the  liquid  ace  to  its  spin  far  outshadow  any  forces  imposed  by 
gravity  or  drag.  A  consequence  of  the  as  sorption  is  that  the  liquid 
(except  when  the  cavity  is  completely  filled)  has  the  shape  of  a  cylinder 
with  a  hollo v ,  cylindrical  core*. 

Equation  (l)  mst  he  satisfied  for  Stewartson’s  theory  to  he  used. 

If  r.  shell  experiences  high  drag  along  with  a  low  spin  rate  there  is  a 
oossibility  the  relation  will  he  violated.  Then  the  liquid  will  not  have 
a  cylindrical  core,  out  will  develop  a  paraboloidal  surface.  The 
designer  should  always  verify  Equation  (l)  is  satisfied  to  avoid  imprudent 
application  of  the  theory. 

♦Actually  a  paraboloid  whose  vertex  is  far  frcn  the  shell. 


It  should  be  understood  that  the  current  assumption  is  distinct 


from  assumption  (2).  The  former  condition  concerns  external  forces 
and  moments  acting  on  the  shell  casing  and  their  effect  on  the  notion 
of  the  shell.  The  present  assumption  concerns  the  effect  of  gravity 
and  drag  cn  the  behavior  of  the  liquid. 

(6)  ihe  mass  of  the  licuid  is  snail  compared  to  the  total 
rags  of  the  shell,  ihis  assumption  is  one  of  convenience.  It  is  satisfied 
for  many  shell  and  simplifies  the  equations  of  notion  for  the  liquid- 
snail  system.  Ve  use  it  here  for  these  reasons. 

(7)  ^e  lining  is  incompressible  and  in  viscid.  The  assumption 

of  incompressibility  is  reasonable  for  the  liquids  encountered  in  actual 

orojectiles.  Viscous  effects,  her- ever,  can  influence  the  behavior  of 

3c  . 

liquid-filled  projectiles.  Fortunately,  Vedemeyer  has  provided  an 
analysis  to  account  for  these  effects.  His  analysis  involves  a  boundary 
layer  correction  to  the  basic,  in  vis  cid  theory  of  Stevartscn.  Here  ve 
consider  only  the  fundamental  in  vis  cid  case  and  recommend  that  designers 
become  familiar  vith  Vecemeyer’s  vork  once  they  have  Stevartsoa’s  theory 
veil  in  hand. 

(8)  The  final  assumptions  concern  the  nature  of  any  variations 
to  the  rigid  body  translation  and  soin  of  the  shell  and  liquid.  A ay 
disturbance  to  the  shell’s  motion  is  restricted  to  small  amplitude 


•perturbations  superposed  on  its  gross  translation  and  spin.  Corresponding¬ 
ly,  the  liquid  is  assumed  to  earoerience  only  snail  amplitude  •perturbations 
to  its  large  scale  traaslatioa  and  sain,  lie  assumntion  about  the  shell 

■  ■  ■■  ■  ■  i—  .  i  ■  »  -  m,  ■  -  - 

is  the  faai liar  snail  yaw  situation  associated  vith  the  linearized 
equations  of  yaving  ret  ion.  Similarly,  the  assumption  imposed  on  the 
liquid  linearizes  the  equations  describing  its  behavior.  By  virtue  of 
linearization,  the  equations  for  the  liquid  notions  can  be  solved  and 
their  result  incorporated  into  the  equations  of  the  notion  for  the  shell. 

3.  Besults  of  Stevartsoir  s  Analysis. 

All  the  basic  assumptions  and  conditions  underlying  Stevartson*  s 
theory  vere  presented  above.  From  these  assumptions,  ve  can  reals  a  quali¬ 
tative  statement  of  our  problem.  liarely,  determine  the  conditions  for 
■shicb  a  symetric,  rapidly  spinning  projectile  vili  experience  flight 
instability  as  a  consequence  of  having  liquid  (at  full  spin)  in  a  cylindrical 
cavity  glong  its  axis.  Stevartsca  attached  this  problem  in  tvo 
nhas^s  and  it  seems  most  effective  to  describe  bis  analysis  in  a  similar 

i 

fashion.  First,  be  considered  the  behavior  of  the  Herald  in  a  state  of 

i 

rapid  rotation,  vithin  a  container  that  could  perform  motions  similar  to 
those  of  the  yawing  motion  of  a  shell.  5e  then  combined  the  problem 
solution  he  found  for  the  liquid  vith  the  equations  of  motion  for  a  shell. 
Uoon  analysis  of  the  resulting  equations  it  vas  found  that  under  certain 


adverse  conditions  the  yav  of  the  shell  vi!i  grov  vitro nt  limit. 


To  describe  the  behavior  of  the  liquid,  ve  remember  that  it  is 
confined  in  a  container  and  that  its  basic  notion  involves  rigid  body 
spin  about  an  axis  vith  fixed  -direction.  Upon  assuming  that  the  axis  of 
the  container  is  subjected  to  a  snail  disturbance  similar  to  the  yawing 
notion  of  a  shell,  it  is  necessary  that  the  liquid  also 
experiences  a  disturbance  to  its  basic  notion  because  it  rust 
follow  the  vails  of  the  cavity.  Stevartson’s  solution  shows  that  the 
liquid  conforms  to  the  cavity  notion  through  the  exitation  of 
amplitude  oscillations  superposed  on  the  rigid  body  notion.  There  is  an 
infinite  number  of  discrete  frequencies  for  these  oscillations  -  the 
natural  frequencies  (or  eigenfrequancles)  of  the  spinning  liquid.  For  an 
arbitrary  Motion  of  the  container  all  the  natural  frequencies  will  be 
excited,  but  in  varying  degrees.  If,  however,  the  container  performs  a 
yawing  notion  at  certain  of  the  eigenfrequencies  of  the  liquid,  oscillations 
at  this  frequency  become  predominant.  that  is,  a  condition  cf  resonance  is 
established.  As  ve  shall  describe  later,  it  is  this  resonance  that  leads 
to  instability  of  a  liquid  filled  projectile. 

jfe  should  erphasiae  that  the  oscillations  performed  by  the  liquid 
are  of  small  amplitude.  Sloshing  does  not  occur,  but  a  wave  pattern  is 
established  in  the  longitudinal,  radial,  and  circumferential  directions 
of  the  cavity  and  there  are  mods  mrcbers*  associated  with  each  direction. 


For  problems  of  projectile  stability,  an  infinity  of  the  possible 


*Tfes se  can  be  thought  of  as  fundamental  wave  natteras  and  harmonics 


longitudinal  and  radial  nodes  are  significant  theoretically,  tut  only 
the  first  circumferential  rode  is  important-  This  circumstance  is  a 
result  of  the  fact  that  the  pressure  fluctuations  produced  in  the  liquid 
hy  this  rode  lead  to  a  periodic  couple  (with  the  sane  frequency  as  that 
of  the  oscillating  liquid)  on  the  walls  of  the  container-  It  is  this 
couple  which  renders  a  projectile  unstable. 

2!cw,  we  must  explain  how  the  natural  frequencies  of  the  liquid  are 
determined.  Stewartson's  theory  gives  these  frequencies  in  a  complicated 
relation  of  the  form 


where 


D  3  Ij  2,  3,*** 

3  =  0,  1,  2,--* 


(2) 


n  =  radial  node  mrfber  (the  number  of  nodes  in  the  radial 
wave  pattern) » 

j  =  longitudinal  wave  number  (2j+l  =  number  of  nodes  in 
the  longitudinal  ware  pattern)  » 
as.  j  =  natural  frequency  of  the  nj*'Q  node  » 
t_  .  =  the  n  cm— dimensional  eigen  frequency  of  the  nj  mode. 


2a  =  diameter  of  the  cavity, 

2b  =  diameter  of  the  cylindrical  air  core, 
2c  =  cavity  length. 
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Several  aspects  of  Satiation  (l)  should  be  noted.  First,  the  eigen- 
frequencies  of  the  liquid  are  dependent  upon  the  cavity  geoaetry  through 
the  ratios  c/a  and  '0s /a2.  The  ratio  b2/a2  is  the  air  ycIttk  in  the  cavity 
expressed  as  a  fraction  of  the  total  cavity  voltes.  Hence  (l-  b3 /a2 )  is 
the  fraction  of  the  cavity  occupied  by  liquid.  Next,  ve  note  that  the 
eigenfreqaencies  depend  upon  the  longitudinal  node  number  through  the 
ratio  c/a(2j+l)  appearing  as  a  variable  in  f.  .  ibis  is  a  fortunate 
circumstance,  because  once  ~~  •  is  known  for  a  set  of  fixed  values  of 
c/a(2j+l),  b2/a  ,  and  n.  the  eigenfrequencies  are  known  for  all  longi¬ 
tudinal  modes  for  vhich  c/a(2j-tL)  equals  the  set  value.  Finally,  Equation 
(2)  shows  the  frequencies  are  linearly  related  to  S,  that  is,  t=3  is 
independent  of  Q. 

As  mentioned  above,  the  function  f-  in  Equation  (l)  is  a  complicated 
one  and  it  must  be  evaluated  numerically  through  mcniir?  determination  of 
the  poles  (singularities)  of  another  equation  appearing  in  the  Stewart  son 
analysis.  The  eigenfrequency  (poles)  portion  of  Stewart  son’s  Tables  is 
no  more  than  a  numerical  tabulation  of  selected  values  of  ts3,  c/a  (2,3+1), 
b? /a2,  and  n  satisfying  Equation  (l). 

Appendix  3  contains  the  tabulation  of  f-  .  Arrangement  of  the  Tables 
is  as  follows.  Each  sheet  is  for  a  fixed  value  of  the  parameter  b?/a2 
and  contains  a  column  headed  and  column  pairs  headed  c/a(2j+l)  and  2H* 
for  several  values  of  n.  -Ib  find  the  value  of  3  satisfying  Equation  (l) 


*ine  significance  of  this  coimn  will  be  explained  later. 


for  given  values  of  ba/a2,  c/a(2j+l),  and  n  we  proceed  as  follows.  Turn 
to  the  sheet  for  the  specified  value  of  t^/a2  and  pick  out  the  coltcm 
pair  headed  by  the  proper  value  of  n.  React,  read  down  the  c/a(2j+l) 
column  to  the  assigned  value  and  read  to  the  left  to  determine  TaJ  .  When 
the  values  of  hi®/a2  or  do  not  appear  earolicitly  in  the  Table, 

linear  interpolation  is  to  be  used. 

*Thi<:  completes  oar  discussion  of  the  natural  frequencies  of  the 
spinning  liquid.  Ve  have  shown  bow  these  frequencies  depend  upon  the 
Aa'-fj>Ly  ganaafry.  i  .a.  _  fp/a  *sd  !;/»)  am!  naannetiyatA^  the  method  for 
finding  the  frequencies  from  Stewartson's  Tables.  Row,  we  turn  to  the 
questions  of  how  and  when  instability  of  a  liquid-filled  shell  is  produced 
by  the  oscillating  liquid.  To  begin  we  recall  our  assumptions  that  the 
overturning  ascent  is  the  only  significant  aerodynamic  force  or  moment 
n--»fring  on  the- shell  and  that  we  are  dealing  with  small  yaws.  Under  these 
conditions,  the  motion  of  the  shell  (without  the  liquid)  is  governed  by 
■fee  relations 


1 


(3) 


00 


where  lx  and  X,  are,  respectively,  the  axial  and  transverse  moments  of 


inertia  of  the  shell,  and 


X  is  the  complex  yav* 
t  is  tire, 

t  is  the  non-dimensional  frequency  of  the  motion  of  the  shell, 
s  is  the  gyroscopic  stability  factor. 

Equation  (3)  represents  the  form  of  the  motion  of  the  shell  and  the 
values  of  t  are  provided  by  solution  of  Equation  (h).  Since  Equation  (h) 
is  quadratic ,  the  latter  are  found  easily: 


vhere 


t=  =*i-(l+a) 
t,  =  i  (1  -  a) 


Ifaiatioral  frequency  (5) 


Precessioral  frequency  (6) 


-SP*- 


p,  =  air  density  , 


S  =  reference  area  of  shell,  us  tally  the  cross- 
sectional  area  * 


I 


I 


n  =  twist  of  rifling,  calibers  per  turn. 


d  =  disaster  of  the  shell. 


S3  =  ~ass  of  the  shell. 


.,-2 


=  aerodynardc  overturning  accent  coefficient. 


It  is  advantageous  to  recall  here  that  the  shell  is  stable  (the 
yaw  does  not  grow  with  tire)  so  long  as  ~~  and  tp  are  real  quantities. 

So  achieve  this  situation  we  crust  have  c  greater  than  one,  a  familiar 
condition  for  the  gyroscopic  stability  of  a  projectile,  if  s  is  less 
than  one,  a  and  therefore  ",  and  r?  be  cere  icaginary,  and  an  exponential 
growth  of  yaw  occurs _ 

Earlier,  we  stated  that  the  oscillating  liquid  produces  a  sonant  on 
the  casing  of  the  projectile.  low  we  rust  describe  that  sonant  in 
functional  fora  and  codify  Equation  (*♦)  to  include  its  effect.  Stewartson 
showed  that  when  the  frequency,  t.  of  the  projectile  is  near  any  one  of 
tbs  natural  frequencies,  t.  , .  of  the  liquid,  the  accent  applied  to  the 
shell  casing  is  given  by 


pa5  [23(t.j  )f/kz 
T  “ 


(7) 
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where  H  is  the  moment  exerted  on  the  shell  by  the  liquid* 
t  is  the  frequency  of  notion  of  the  shell* 
o  is  the  density  of  the  liquid, 

r(t_  3  }  is  a  (snail)  constant  depending  upon  t. ,  and  is  always  positive. 
The  quantity  Rj  is  the  "residue"  of  the  Tables  of  poles  and  residues, 
and  we  see  from  Equation  (7)  that  it  governs  the  magnitude  of  the  liquid- 
norent  for  a  given  cavity  and  frequency,  t-  3  .  Every  possible  frequency 
and  nodal  configuration  of  the  liquid  involves  a  specific  value  of  ?aJ 
and  these  values  are  listed  in  the  tables  adjacent  to  c/a(2J-*-l).  When 
t=j  is  obtained  from  the  tables,  the  corresponding  value  of  R_j  is  obtained 
by  reading  to  the  right  of  the  value  for  -  Vith  regard  to  the 

residue,  it  is  convenient  to  point  out  a  significant  feature  of  its 
behavior  as  seen  in  the  tables-  Sanely,  for  any  specific  value  of  frequency 
,  the  residua  decreases  greatly  for  each  successively  larger  value  of 
n  (i.e.,  R.  j  decreases  with  increasing  radial  tx.de  mzober).  Thus,  the 
higher  radial  nodes  produce  relatively  weah  liquid-norents .  In  practice 
it  has  been  found  that  codes  beyond  n  -  2  are  seldom  strong  enough  to 
cause  shell  to  be  unstable. 

The  nonent  due  to  the  liquid  is  a  forcing  function  on  the  notion  of 
the  shell.  Thus  tc  account  for  the  presence  of  the  liquid  in  the  equation 
of  motion  of  the  shell  ve  add  Equation  (?)  to  the  right-hand-side  of 
Equation  (h)  and  obtain 


t  ,»  .  T  T  *  £f_  -  .  sa5fgH(^)r/^c 
~r‘  Xx  '  -  “  ’ 


T  -  T 


(8j 


wnere  for  convenience.  t0  has  been  written  in  place  of  t.  ,  t''  emphasize 
that  ve  are  now  thinking  of  a  specific  fluid  frequency.  3y  solving 
Equation  (8)  for  t,  the  frequency  of  the  shell’s  notion  and  the  conditions 
under  which  the  liquid  can  produce  an  unstable  flight  are  determined,  (that 
is,  the  conditions  for  which  t  has  an  imaginary  part  assuming,  of  course, 
that  s  >  l).  Here,  we  shall  only  summarize  the  results  of  this  solution. 

It  is  found  that  when  tc  is  close  to  7,,  the  precession*!  frequency,  no 
instability  occurs.  However,  if  ~2  is  near  the  cutational  frequency,  , 
Equation  (8)  has  the  roots 


cl,  a 


(9) 


The  condition  for  instability  is  provided  immediately  by  Equation  (9)  - 
When  the  quantity  under  the  radical  is  negative,  ~  has  a  negative  im¬ 
part  as  we  see  by  substituting  (9)  into  (3): 


x  =  x0  «p  m  T  -  in  J^f  - 


(10) 


=  \0  exp  tj  exp  ^ctCizj  , 


woe  re 


P w  . ?5Sf 

•  udxa  ••  2  / 


2! 


Thus,  an  exponential  growth  of  the  nutational  component  of  yaw  occurs 
when 


P*s  (2R)2  <  0 
kcITo 


or,  written  no re  conveniently,  when 


1 


•The  condition  for  (U) 
instability 


where  3,  “Stewart son' s  Parameter,"  is 


pa^CeR)5 

Ixc(c/a) 


when  3cuation  (ll)  is  satisfied,  the  rate  of  growth  of  yaw  is 
(Equation  (lO)j 


or 


or 


2 

/S 


or 


(12) 


i  i 

Figure  1  is  a  plot  of  (2/s-)cr  against  ("0 )/S2. 

examination  of  Sanations  (11)  ani  (12) 


This  resonance 
,  shows  the 


carve,  as  veil  as 


instability  to  "be  strongest  when  t0=t=  .  For  non-zero  values  of  T0-Ta  , 
the  yav  growth  irate  decreases  until  it  ra nishes  for  jt0-Ta  j  =  S2- 

Equations  (ll)  and  (12)  are  the  basic  results  of  the  Stevartson 
theory-  They  permit  us  to  calculate  the  conditions  producing  instability  in 
a  given  projectile  (and  therefore  the  means  to  avoid  these  instabilities) 
and  to  calculate  the  strength  of  the  instability. 

Appendix  A  provides  examples  of  the  use  of  the  theory  in  shell  design. 

In  regard  to  use  of  the  theory  for  quantitative  design,  a  cautionary  note 
is  advisable  here.  Zt  concerns  the  theoretical  Units  of  —  1  appearing 
in  Eouation  (ll)  which  were  derived  under  the  assumption  that  the  liquid 
is  invis-cid.  Vedeneysr  3e  and  Karpov  pb  have  shown  that  viscous  effects 
can  exert  a  significant  influence  on  the  shape  of  the  resonance  -curve  -  She 
influence  is  -demonstrated  qualitatively  in  Figure  3  '-here  a  representative 
resonance  curve  for  a  viscous  liquid  is  drawn  along  vita  the  -curve  provided 
by  the  inviscid  analysis.  Viscosity  is  seen  to  decrease  the  peak  value 
of  or,  however,  it  also  broadens  the  curve.  In  fact,  with  viscosity,  the  curve 
never  becomes  zero  or  negative  and  the  liquid  always  tends  to  cause  the  yaw 
tc  grow.  However,  ou  the  wings  of  the  curve-  or  is  very  small  and  can  be 
overcome  by  aerodynamic  damping  in  actual  practice.  Hence,  the  limits 
(in  Equation  (?l))  to  be  used  in  practice  crust  be  established  by  the 
shape  of  the  viscous  resonance  curve  and  the  magnitude  of  aerodynamic  damping, 
we  mention  the  effects  of  viscosity  here  because  indiscriminate  use  of 
the  theoretical  limits  of  i  i  appearing  in  Equation  (ll)  could  lead  to  an 
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improperly  designed  shell.  Bvery  designer  is  advised  to  study  We deme yen's 

viscous  correction  to  Stevartson  s  theory  once  he  has  become  familiar  vith 
the  basic,  inviscid  analysis. 

The  previous  discussion  has  surveyed  Stevartson*  s  analysis  of  the 
instability  of  liquid -filled  shell  vith  cylindrical  cavities.  The 
mechanism  producing  instability  is  resonance  betveen  the  nutational  frequency 
of  the  projectile  ana  certain  of  the  eigenfrequencies  of  the  spinning  liquid. 
For  these  eigenfrequencies ,  the  pressure  fluctuations  in  the  liquid  produce 
a  periodic  moment  on  the  vails  of  the  cavity  and  this  moment  continaously 
increases  the  yav  of  the  projectile-  The  tables  of  poles  and  residues 
calculated  from  the  analysis  provide  the  means  to  determine  the  liquid 
cylinder  dimensions  that  vill  cause  a  given  shell  to  be  unstable, 
ar?d  to  "determine  the  strength  of  the  instability.  Thus,  the  theory  enables 
us  to  rsahe  a  vriori  design  against  instabilities  in  liquid-filled  shell 
vhen  a  cylindrical  cavity  is  employed.  If  other  design  considerations  allov 
thn  use  of  such  a  cavity,  it  should  be  "used  to  assure  a  veil-flying 
projectile.  When  requirements  demand  other  than  a  cylindrical  cavity, 
every  attempt  should  be  made  to  cave  the  container  satisfy  the  conditions* 
used  in  Kedemeyer’s  analysis  for  con-cylindrical  cavities.  Then  the 
designer  still  can  perform  a  quantitative  study  of  his  shell. 

There  are  situations  --here  it  is  necessary  to  use  cavity 
geometries  not  covered  by  the  analyses  of  Stevartsca  and  Vedemeyer - 

t  the  cavitY  radius  changes  slovly  as  a  function  of  cavity  length. 


*-7ha- 


An  ad  hoc  design  approach  is  then  necessary.  However,  even  in  these 
cases  Stewart  son’ s  analysis  can  be  put  to  qualitative  use .  For  even 
though  the  numerical  results  of  the  theory  do  not  apply,  the  mechanism 
-  °r  instability  regains  the  same:  resonance  between  natural  frequencies 
•of  the  shell  and  liquid.  With  this  understanding ,  the  astute  designer 
possesses  valuable  guidance  for  selecting  and  codifying  cavity  geometries 
to  achieve  a  stable  projectile. 

III.  COSCLSSIOS 

Stewartson's  theory  and  the  work  of  Karpov,  Wedeseyer,  and  Scott 
provide  the  shell  designer  with  powerful  tools  for  design  against  flight 
instability  of  liquid-filled  projectiles.  To  use  these  tools,  it  is 
necessary  to  nave  a  lira  understanding  of  the  physical  basis  pad  signifi¬ 
cance  of  the  theoretics!  results,  and  the  numerical  tables  reouired  for 
quantitative  «ctk.  la  this  report,  we  hope  to  have  supolied  a  cart  of 
ooth.  To  give  tae  tables  is  a  sicple  task,  and  those  contained  in  Appendix 
3  should  satisfy  tne  requirements  of  virtually  all  design  urobigas  where 
the  theory  is  applicable.  To  give  an  adequate  description  of  the  theory 
is  a  such  more  difficult  problem.  full  ma thereat  i cal  analysis  is  both 

complex  and  tediojs,  and  we  recognize  that  its  detailed  pursuit  is  beyond 
the  tire  demands  placed  on  most  designers.  In  contrast  to  the  mathematics, 
however,  the  physical  phenomena  associated  with  instability  of  iicraid- 
filled  shell  are  relatively  simple ,  and  familiar  to  the  designer.  Thus, 


t*e  have  atterrpted  to  susnarize  Stevartson's  theory  by  stressing  the 


physical  significance  of  its  basic  assumptions  and  results.  Once  the 


designer  has  these  factors  well  in  hand,  he  is  prepared  to  apply 


Stevartson’s  results  to  problems  of  shell  design,  and  to  study  the  more 
recent  advances  achieved  through  liquid-filled  shell  research. 
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APPSHD2X  A 

Bxanples  of  Design  of  Liquid-Filled  Shell 

The  design  problem  contained  in  this  appendix  have  been  extracted 
vitbout  change  iron  3RL  Keno  Report  1^77-  They  provide  lucid  exasples  of 
the  design  procedure  for  shell  with  cylindrical  cavities.  "When  vorking 
through  the  examples,  the  reader  will  n^te  that  Stewart  son’s  criterion  for 
instability  (Equation  (ll))  is  used  with  the  Units  -3-9,  and  +2.7« 

These  were  recorcen-iad  for  design  practice  prior  to  Vedeneyer’s  analysis 
of  viscous  effects.  Here  ve  have  not  changed  the  Units  to  errphasize 
that  the  theoretical  (inviscid)  ones  of  r  1  often  require  codification  as 


discussed  in  the  body  of  this  report. 


lb  illustrate  the  use  of  the  tables,  vs  nay  consider  tvo  cases: 
a)  new  shell ,  and  b)  existing  shell.  For  the  new  shell  it  is  inport  ant 
to  knov,  a  priori,  the  cavity  dimensions  vhich  will  give  rise  to  resonance 
between  the  fluid  oscillations  and  the  nntational  frequency  of  the  shell. 
The  designer,  there w re ,  should  avoid  these  dimensions.  If  the  existing 
shell  is  being  adapted  for  carrying  liquids,  it  is  inport ant  to  inquire 
whether  its  cavity  is  such  as  to  lead  to  resonance  and,  presumably,  bad 
flight . 

Consider  the  case  of  a  new  shell.  The  designer  should  estimate  the 
moments  of  inertia  of  the  empty  shell,  I,  and  I,,  and  the  gyroscopic 
stability  factor,  s,  from  which  to  compute  cr.  With  these  he  -computes 
the  nutationa!  frequency 

It  night  be  adequate,  at  this  stage,  to  use  approximate  formulae 
for  Ix  and  Jy. 

Jy  -  O.lh  nd2 
ly  =  0.51,  +  0.0594 

where  n  =  mass  of  the  shell 

d  =  diameter 
L  -  overall  length 


3* 


The  gyroscopic  stability  factor 


—  2 
V 

s  =  $r 


wbere 


-  I  2rr 
v  =  — 


and  n  =  tvist  of  rifling  in  calibers  per  turn.  M  can  be  written 


h  -  *r*  fe  -  <*>  c3 

Of 

where  cp  =  center  of  pressure,  in  calibers 

eg  =  center  of  gravity,  in  calibers 

Cjj  =  normal  force  coefficient 
'or 

c?  and  depend  only  on  the  exterior  shape  of  the  shell  and-  hence, 
regain  invariant  with  the  changes  in  the  cavity  dimensions . 

S3L4MPIS  1: 

Let  ns  -consider,  as  an  example,  the  105mn  chemical  shell  for  which  we 
have  either  estimated  or  measured  the  following  characteristics: 

lOjsa  Chemical  Shell 
Ix  =  0-?6  lbs  ft2 
I,.  =  5-55  lbs  ft2 
s  =  1.2;  a  =  .41 
.  Ta  =  0.07 
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•Hie  georetry  of  the  cavity  is  right  circular  cylinder  with  the 
disaster  a  =  0.13  ft,  and  with  the  fineness  ratio,  c/a,  so  selected  as 
to  avoid  resonance  condition.  The  cavity  is  to  be  filled  to  955o  by  a 
liquid  of  density  o  =  62. k  lbs/ ft3. 

The  problem  is  to  find  which  fineness  ratios  will  lead  to  resonance 
and,  hence,  are  to  he  avoided. 

Tb  do  this,  ve  turn  to  the  table  for  sP/a2  =  .05  (95/3  full  cavity) 

r  /p 

and  locate  on  the  line  ~0  =  =0.07  the  corrasponling  values  of  -5 — — , 

and  t-ssociated  residue,  23,  in  each  of  the  three  column  pairs.  «e  find 
the  following: 


For  t  =  .07 

c/a 

22 

2j  +  1 

1st  column  pair 

l.OTo5 

.212 

2nd  column  pair 

-50? 

.0252 

3rd  column  pair 

.320 

.0057 

Therefore,  the  resonance  will  occur  at  the  following  c/a  values: 

(c/aX  =  1.0J&  (25  *  1) 

(c/a),  =  .5V?  (20  +  1) 

(c/a)3  =  .320  (2j  +  1) 
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-s  io  be  noted  that:,  for  simplicity,  we  have  assumed  that  the 
7aliie  of  the  mutational  frequency,  v.  .  remained  constant  -bile  we  changed 
c/a.  In  practice,  of  coarse,  t.  will  change  because  I,,  I,  and  cr  all  will 
cnange ,  aloe  at  slowly .  with  changes  in  c/a.  But  these  cg»i  be  taken  into 
account  at  sore  detailed  examination  of  the  situation  in  the  vicinity  of 
the  desired  c/a  ratio.  The  present  rough  survey  stakes  out  only  the 
danger  areas. 

5be  above  table  shows  a  fairly  large  number  of  fineness  ratios  which 
are  to  be  avoided  in  order  to  escape  resonance.  However,  the  situation  is 
not  as  bad  as  it  looks.  The  third  column,  (c/a)3,  contains  a  greater 
number  of  entries.  3ut  because  of  the  very  small  residues  associated  with 
this  column,  the  coincidence  of  the  actual  value  of  c/a  with  tabulated 
values  must  be  very  precise  for  resonance  to  occur.  This  can  be  shown  as 
follows.  Using  the  residues  given  above,  ve  compute  the  quantity 


h&y  ?°reach 

colum  pair.  Equation  (il)  can  bs  rewritten  as*: 

1st  -3.9  <  50  ./fT^ -(§)]<  2.7 
2nd  -3.9  <  ^OQjf  f  (f)  -(f)  ]  <  2.7 

.  C.  _  a  2  2.  — J 

3rd  -3.9  <  1503vf  r (f)  -(f)]  <  2.7 

¥here  (2)  are  the  tabulated  values  as  given  above,  for  each  coltm  uair. 
a  •  * 

and  (— )  the  actual  designed  value.  It  is  clear  that  in  order  to  satisfy 

a 

the  above  instability  conditions  the  difference  in  the  vicinity  of 
tabulated  fineness  ratios  and  the  actual  designed  values  cast  be  very 
scroll  for  the  3rd  colrca,  less  so  for  the  2nd  colznn,  and  still  less 
critical  for  the  1st  colrm.  In  practice,  therefore,  the  coincidence 
with  tabulated  values  in  the  3rd  coluun  is  likely  to  be  purely  fortuitous 
becruse  one  usually  cannot  design  the  cavity  with  the  required  precision. 
The  fineness  ratios  appearing  in  the  1st  column  are  the  cost  important 
and  should,  therefore,  be  avoided. 

5S»gI2  2: 

rbr  the  second  case,  we  may  consider  the  sane  lOyrrn  chenical  shell. 

e-i; ni-jsk  »>,.  of  -3-9  snd  2.7  used  here  rather  than  the  theoretical 

limits  of  x  1-  See  cement  at  beginning  of  this  appendix. 


38 


Let  us  sucrose  that  the  rineness  ratio  oi  its  cavity  is  — *  -  o-2.  we 
—  —  & 

*^-.•<1  round  already  that  this  fiMssss  ratio  should  bs  svoidad.  3ut>  as 
an  illustrative  exarple,  ve  shall  proceed  vith  the  analysis  of  this  cas 


.  .  jucr  c  I 

a;  A  v  -*5-  - - -  ttz. 

oa  a  (o*:. 4 


.56)(.4l] 


(62.4)(.37  s  10** 


3-2  =  317-1 


fh  =  17-8 

Trie  condition  for  instability  is,  therefore. 


-3-S  <  7a2^  -—  (17-8)  <  2.7 


let  B  s  /2T 


Since  the  cavity  is  to  be  filled  to  95t&  112  ^  the  table  for  b^/a?  — 


Cocspube: 

Free 

liable  b2  /a? 

=  -05 

c/a 

+1 

To 

22 

3 

0 

3-2 

- 

- 

- 

1 

1.057 

.054 

ICJl 

•  *““V  * 

--55 

2 

0.640 

.23 

.104 

26.4 

3 

0.457 

.305 

-0457 

92 

h 

0.356 

-l4t> 

.0162 

83 

The  results  show  that  for  this  cavity,  c/a  -  3.2,  and  9 %  fill  the  shell 
is  predicted  to  he  unstable  for  0=1. 

The  hydrodynasic  roment  is  proportional  to  the  residues  at  the  poles. 
Hence,  only  the  leading  poles ,  lover  J  values  and  associated  larger  residues, 
are  the  rest  important. 

Cne  of  the  possible  remedies  is  to  try  to  change  the  geonetry  of  the 
cavity  or -core  specifically,  the  fineness  ratio  c/a  in  the  vicinity  of 
3.2.  The  following  table  illustrates  the  effect  of  such  a  change.  For 
this  illustration  again,  the  inertial  properties  of  the  shell  vers  kept 
constant  and  only  c/a  changed. 

w  a  w 


The  Sffect  of  (Slanging  cj 

ra  on  Stability.  ICbm  Shell 

Values  o 

f  "3" 

3 

c/a  =  2.8 

3-0 

3-2 

3> 

3-6 

i 

22 

--2 

--55 

2.3 

3-2 

2 

21 

2o 

26 

28 

29 

3 

39 

90 

o 2 

72 

5 

-73 

51 

33 

97 

101 

5 

153 

37 

Thus,  this  shell  is  unstable  for  c/a  =  3-2,  as  previously  shown,  but 
also  is  dangerously  close  to  instability  for  values  of  c/a  up  to  3-6.  For 
c/a  =  3-57  for  example,  it 


is  unstable  for  i  =  3  for  which  the  "S’”  value 


Another  possible  remedy  is  to  alter  the  air  space  or  fill  ratio.  The 


following  table  conveys  scae  sense  of  sensitivity  of  instability  condition 
to  various  air  so aces. 


THa  Sf?6Ct  Of*  Cb 


Air  Space  on  Stability.  105=n  Shell 


c/a  =  3.a,  3  =  1, 


b2/a2 

"3"* 

.00 

-.37 

.02 

-.87 

-05 

--55 

O 

• 

.16 

-15 

1.04 

.20 

H 

• 

CD 

with  the  fineness  ratio  of  the  cavity  of  3.2,  the  shell  is  unstable 
for  fill  ratios  iron  60^  to  102%.  For  this  shell,  therefore,  with  a 
fineness  ratio  of  the  cavity  of  3-2,  changing  the  loading  conditions  is 
not  an  effective  naans  of  rere  dying  a  bad  situation. 

Another  exarple: 

203=  shell  93%  full;  b^/a2  =  0.10 

I*  12.1  gns-cs2  =  0.155 

J,  251.5  gns-cn?  c/a  2. 63 

o  0.81  a  0.77 

0  3  gcs/cni3 

l2.lf.84>  _  _  _ 


and  instability  criteria  "be ceres: 


-3-9  < 

-O—  -  ■■*. 

23 

10.9  <  2-7 

c/a 

23 

TJ 

j 

2^+1 

*  M 

0 

2.68 

- 

- 

- 

i 

-893 

».l. 

•  H- 

.2633 

11.6 

2 

-536 

.1*5 

.0523 

-2.11 

3 

-333 

.26 

.0305 

33 

>. 

-293 

.08 

.0065 

-126 

5 

.2^U 

_ 

— 

The  shell.  there fore ,  is  stable  if  one  uses  Stevart son’s  limits  o 
bat  is  -unstable  for  j  -  2,  if  one  uses  the  limits  -3-9  snd  2.7. 
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The  tables 


SESHD  TABLES  G?  POISS  Aim  HSSUJtHS 


for  'i?J 


of  0.00,  0.01  ana  0.03  vere  not  extended. 


and 


are  reprodneec  fioa  BEE.  Jferorandun  Herort  1^77- 


n  = 
A 

i 

a  =  2 

A 

n  =  3 

f _ _ A _ 

'c 

! - 1 

C/(2J+1 )A  2R 

1 

C/(2J+1)A 

1 

2R 

C/(2J+1}A 

00 

.SS5 

.000 

CO 

* 

.0000 

.310 

C2 

1.018 

.058 

.490 

.0070 

.319 

04 

1.042 

.118 

.503 

.0144 

.327 

Co 

1.066 

.181 

.516 

.0223 

.336 

■> 

\jC* 

1.091 

.246 

.530 

.0307 

.345 

.0 

1.117 

.313 

.544 

.0396 

.355 

•.  V 

1.144 

.332 

.559 

.0491  ' 

.364 

*  - 
•  *T 

1.:72 

.454 

.574 

.0591 

.375 

16 

1.201 

.528 

.590 

.0697 

.385 

1 8 

1.231 

.604 

.607 

.0809, 

.397 

20 

1.262 

.682 

.624 

.0928f 

.408 

22 

1.294 

.762 

.642 

.1054 

.420 

24 

1.328 

.845 

.661 

.1187 

.433 

26 

1.363 

.930 

.680 

.1328 

.446 

28 

1.399 

1.017 

.700 

.1478 

.460 

30 

1.437 

1.107 

.722 

.1636 

.475 

32 

1.478 

1.200 

.745 

.1804 

.490 

1.521 

1.295 

.769 

.1981 

.506 

o 

1.565 

1.392 

.774 

.2169 

.523 

.3 

1.612 

1.491 

.820 

.2369 

.541 

A 

TW 

1.662 

1.593 

.848 

.2581 

.561 

__2 

1.715 

1.698 

.878 

.2805 

.582 

7. 

r 

1.771 

1.805 

.910 

.3043 

.603 

* 

-sO 

1.831 

1.914 

.944 

.3296 

.626 

-.3 

1.895 

2.026 

.980 

.3566 

.651 

50 

1.963 

2.142 

1.019 

.3853 

.678 

fc2/a2=  0.00 


n  =  l 


n  =  2 


n 


i 


y 


✓ - A - 

V 

/ - — 

*'  \ 

/ - - 

C 

2R 

c 

2R 

c 

■*0 

T2joF 

(2J+l)o 

(2J+l)c 

0.03 

0.995 

o.coo 

0-477 

0.0000 

0-309 

o.ce 

1.018 

0.Q5S 

0.490 

0.0070 

0.517 

o.ov 

1.042 

0.118 

O.503 

0.0144 

0.325 

0.06 

1.056 

0.281 

O.5I6 

0.0222 

0.354 

0.08 

1.091 

0.246 

O.550 

0.03Q3 

0.343 

0.10 

1.117 

0.315 

0.544 

0.0393 

0.355 

0.12 

1.144 

0.532 

O.559 

0.0486 

0.363 

0.14 

1.172 

0-453 

0-574 

0.0534 

0-373 

0.16 

1-201 

0.527 

0-590 

0.0588 

O.3B4 

0.18 

1.232 

0.603 

0.607 

0.0793 

0-595 

C.20 

1.263 

0.631 

0.625 

0-0915 

0.407 

0.22 

1.295 

0.761 

0.643 

O.IO38 

0.420 

0.24 

1.530 . 

0.844 

0.662 

0.1163 

0.433 

0.26 

1.566 

0.929 

O.6S2 

0.1305 

0.447 

0.23 

1.4C* 

1.036 

0-704 

0.1450 

0.45l 

0.30 

1.443 

1.105 

0-727 

0.1605 

0.477 

0.32 

1.485 

1.196 

0.751 

0.1765 

0.493 

0.34 

1-529 

2.2S9 

Q.776 

O.1955 

0.510 

O.36 

1-576 

1.334 

0.803 

0.2114 

0.529 

O.38 

1.626 

1.431 

O.832 

0.2301 

0.549 

0.40 

I.6S0 

2.573 

0.654 

0.2496 

0.571 

0.42 

1-757 

1.676 

0.393 

0.26S9 

0.595 

0.44 

1-799 

1.772 

0.936 

0.29P5 

0.621 

0.45 

3.658 

1.854 

0.576 

0.5110 

0.650 

0.43 

I.945 

1-945 

1.(25 

0-5505 

0.635 

1.50 

2.054 

2.005 

1.035 

0.3475 

0.722 

*“/*? 

=  0.03 

25 

2R 

0.0500 

0.0019 

0-0040 

O.OG62 

0-0036 

0.0111 

0-01>3 

0.0267 

0.0293 

0.0251 

0.0265 
0.05C& 
0.0 5^5 
O.O^cS 

0.0454 

0.0464 

0.055?* 

0.059S 

0.c6>5 

0.0724 

0.0755 

O-OdJI 

0.0953 

0.1050 

O-I25O 

0.2252 


UB 


n  =  1 

n  =  i 

2 

n  = ; 

_ _ _  A- 

3 

j 

* - ^ - 

c 

c 

otd 

c 

2R 

TC 

(2j+l)a 

(21+l)a 

Ca 

T23+1F 

0-00 

0.993 

0.000 

0.472 

0.0000 

0.301 

0.0000 

o.ce 

1.016 

c.058 

0.485 

0.0059 

0.309 

0.0019 

o.ov 

1.040 

0.116 

0.493 

0.0141 

0.317 

O.CQ55 

0.C5 

1.065 

0.180 

0.511 

0.C21S 

0.326 

0.0060 

o.cs 

1.090 

0.245 

0-525 

0.C299 

0.335 

O.COBj 

0-10 

1.126 

0.312 

O.539 

0.0584 

0.344 

0.0107 

0.32 

1.144 

0.361 

0-554 

0.0474 

Q-354 

0.0134 

0.14 

1-172  ' 

0.453 

0.569 

0.0570 

0.364 

0.0362 

0.26 

1.201 

0.526 

O.5S5 

O.C671 

ft 

0.0192 

0.18 

1.252 

0.602 

0.602 

0.0777 

0.386 

0.C224 

0.20 

1.264 

o.63o 

0.620 

0.0590 

0.593 

0.0259 

0.22 

1  293 

0.760 

0.639 

0.1009 

0.410 

0-0297 

0.24 

1.334 

0.642 

0.659 

0.1155 

0-425 

0.0337 

0.26 

1-571 

0.927 

0.680 

0.3268 

0.437 

0.0330 

0.23 

1.41C 

1.013 

0.702 

0.1409 

0.452 

0.042? 

O.JO 

1.452 

1.102 

0.726 

0.1558 

0.467 

0.0477 

0-32 

1.4S5 

1.193 

0.751 

0-1716 

0.433 

0.0332 

0.34 

1.543 

1.2S5 

0.778 

0.1682 

0.501 

0.0591 

0.36 

1-593 

1.576 

0  .ear 

0.2053 

0.52c 

O.O055 

0.33 

1.648 

1.473 

0.635 

0.2245 

0-540 

0.0725 

0.40 

1-703 

1.563 

0.872 

0.2444 

O.562 

0.0605 

0.42 

1.774 

1.651 

0.910 

0.2654 

O.580 

0.033S 

0.44 

1.647 

1-751 

0.952 

0.2377 

0.612 

0.0983 

0.45 

1-930 

3.6>4 

1.000 

0.5H5 

0.640 

0.1069 

0.43 

2.CG9 

1.903 

1.055 

0-5374 

0.672 

0.1209 

0.50 

2.150 
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0.1343 
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^Ballistic  P.esearch  laboratories  Memoranda®  Report  liTJ  (Karponr,  May  1963)^'  includes 
a  discussion  o f  Stewartscn's  stability  analysis  of  liquid-filled  projectiles,  and 
"Tables  of  Poles  and  Residues"  needed  for  quantitative  design  use  of  the  analysis. 
Various  design  problems  shew  that  an  extended  tabulation  is  needed,  and  the  present 
report  provides  this  extension.  Ike  neir  tabulation  (Appendix  B)  covers  a  non- 
dimensional  frequency  range  of  0.00  to  0.J0  in  increments  of  0.02  and  a  range  of 
cavity  fill  ratios  of  20  to  100  percent  in  caxirras  increments  of  ten  percent. 

A  brief  description  of  Stewartson's  analysis  is  also  given  in  this  report.  Enchasis 
is  placed  on  the  physical  significance  of  the  assumptions  and  results  of  the  theory 
rather  than  its  mathematical  detail.  The  intent  is  to  provide  the  novice  designer  of 
liquid-filled  shell  with  an  appreciation  and  first  working  knowledge  of  the  analysis. 
Additionally,  the  susnaxy  of  the  theory  is  used  to  point  cut  the  significant  advances 
that  have  been  cade  in  understanding  liquid-filled  shell  problems  since  the 
publication  of  Ballistic  Besearch  Laboratories  Me  *0  ran  dun  Report  So.  lV?7- 
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